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1 Review of the Counting Anomaly Debate 



In the previous issue of this journal ([1999]) we argued that, while Lewis 
([1997]) is correct that the enumeration principle fails in dynamical reduc- 
tion theories, one need not follow Lewis in rejecting these theories. Because 
the dynamical reduction process itself prevents the failure of enumeration 
from ever becoming manifest, and because one can treat the semantics for 
dynamical reduction theories as not adding anything of ontological import 
to them, it is reasonable to accept these theories notwithstanding Lewis's 
counting anomaly. 

Lewis had considered a collection of n non-interacting marbles in the 
product state 

iV^all = (a|in)i + 6|out)i) ® (a|in) 2 + 6|out) 2 ) <S> • • • <8> (a|in) n + 6|out) n ), (1) 

where the state |in)j refers to localization of the ith marble to inside a 
box (assumed, for simplicity, to be the same box for all marbles), and 
1 > \a\ 2 >> \b\ 2 > 0. These inequalities are strict because dynamical reduc- 
tion theories generically do not eliminate the tails of an object's wavefunction 
when it collapses. Nevertheless, since \a\ 2 » \b\ 2 , the probability of finding 
any particular marble in the box is very high, and it is natural to take each 
individual marble to be in the box. Indeed, not doing so would leave dy- 
namical reduction theories without a complete solution to the measurement 
problem (see also Albert and Loewer [1996]). On the other hand, for suffi- 
ciently large n, the probability that all n marbles will be found in the box is 
| a |2n << ma kj n g highly unlikely that they will all be found in the box. 
Lewis inferred from this that the state |V ; )all 'cannot be one in which all n 
marbles are in the box, since there is almost no chance that if one looks one 
will find them there' ([1997], p. 318). We cashed out Lewis's inference by 
viewing it as a consequence of what we called the fuzzy eigenstate-eigenvalue 
link: 

'Particle x lies in region R x and y lies in R y and z lies in R z and 
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. . .' if and only if the proportion of the total squared amplitude of 
ip(t, ri, . . . , r N ) that is associated with points in R x x R y x R z x • • • 
is greater than or equal to 1 — p. 

The essence of Lewis's counting anomaly, then, is that the application of the 
fuzzy link in state |'0)all ^° ^ ne collection of marbles as a whole conflicts 
with its application on a marble-by-marble basis. And the only way out of 
this difficulty is to abandon an instance of the logical rule of conjunction 
introduction that Lewis called the enumeration principle: 'if marble 1 is in 
the box and marble 2 is in the box and so on through marble n, then all n 
marbles are in the box' ([1997], p. 321). 

Since we were defending this part of Lewis's argument, we were obliged 
to evaluate counter- arguments to it. Thus, in section 3 of our paper, we 
criticized three arguments against Lewis's claim, the main one being due to 
Ghirardi and Bassi ([1999]). In their response to our paper, Bassi and Ghi- 
rardi ([1999]) (whom we shall henceforth refer to simply as 'BG') reject our 
criticism, as well as our argument against Lewis that dynamical reduction 
precludes failures of conjunction introduction from ever becoming manifest. 
Our intention here is to demonstrate that BG's responses to us do not suc- 
ceed. 

2 The Counting Anomaly Dies Hard 

Ghirardi and Bassi's ([1999]) rejection of Lewis's counting anomaly was 
based, in part, upon calculating that, for an object the size of a marble, 
the coefficient a occurring in |V')all wm t urn out to be so close in absolute 
square to 1 that, even if all the mass in the actual universe were used to 
form the marbles, n would not be large enough for |a| 2n to be appreciably 
smaller than 1. In our reply ([1999], pp. 17-8), we pointed out that one 
could equally well pose the anomaly in terms of counting sufficiently many 
microscopic objects, such as elementary particles, whose a coefficients would 
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certainly not be forced by dynamical reduction to be exceedingly close to 
1. Clearly it would be no less strange if arithmetic failed for the particles 
out of which things like marbles are made up! Moreover, the virtue of our 
own response to the anomaly (i.e., that it is never manifest) is that it applies 
in any world governed by dynamical reduction, independent of contingent 
limits on marble or particle aggregation in our world. This leaves us puzzled 
about why BG continue to emphasize that the magnitude of the number n 
required to get the counting anomaly off the ground is 'unphysically large' 
([1999], p. 15), and that it is a 'peculiar game of putting no limit on the 
number of marbles' ([1999], p. 16). We echo their sentiment that 'we do not 
like to play with science fiction arguments' ([1999], p. 16), but it is not as if 
one is being asked to consider an actual infinity of objects. 

In any case, Ghirardi and Bassi's ([1999]) main argument against the 
counting anomaly was based upon rewriting the state |'0)all as 

iV^all = a ™|i n )i ® l in )2 ■ ■ • |in) n + a n_1 6|out)i <g> |in) 2 • • ■ |in) n 
+ a n-1 &|in)i ® |out) 2 • • • |in) n + • • • + a^&lin)! <g> |in) 2 • • • |out) n (2) 
+a n ~ 2 6 2 |out)i g) |out) 2 • • • |in)„ H h & n |out)i ® |out) 2 • • • |out) n , 

and then asserting: 'the precise GRW dynamics will lead in about one mil- 
lionth of a second to the suppression of the superposition and to the "spon- 
taneous reduction" of the state [(§)] to one of its terms' ([1999], p. 52). Were 
such a reduction to occur, conjunction introduction would certainly hold for 
the resultant state. Therefore, Ghirardi and Bassi concluded that conjunc- 
tion introduction holds, since a state like (|2]) 'never occurs, its existence being 
forbidden by the GRW theory itself ([1999], p. 52). In our paper, however, 
we argued that Ghirardi and Bassi's characterization of the reduction of the 
state (0) was incorrect and did nothing to remove the anomaly. While BG 
implicitly concede the error ([1999], pp. 10-11), they now claim: 

. . . the point we wanted to make is that a rigorous interpretation 
of states of this type requires a consideration of the mass density 
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functional . . . and cannot be based on the fuzzy link criterion or 
other inappropriate criteria. Therefore, the criticism of Clifton 
and Monton ([1999]) to our previous paper misses the crucial 
point of our argument just because it does not make reference to 
valid criteria for interpreting the wave function within dynamical 
reduction models ([1999], p. 11). 

We definitely did not see that the crucial point of Ghirardi and Bassi's 
([1999]) argument against Lewis was a rejection of fuzzy link-style semantics 
in favor of the mass density interpretation. We think we can be forgiven for 
the oversight given that reference to the mass density interpretation in their 
([1999]) only occurs in three places — two footnotes and a parenthesis - 
and, at the second occurrence (footnote 3), they state that their arguments 
against Lewis could equally well be made under the mass density interpreta- 
tion (which has the effect of suggesting that their arguments did not critically 
depend upon that interpretation). Moreover, while it may now be the case 
that the mass density approach is 'universally accepted' by dynamical reduc- 
tion theorists (BG [1999], p. 7), one can find explicit endorsement in Pearle 
([1997], pp. 150-1) of fuzzy link-type semantics applied to quantities such as 
local charge, spin, energy, and momentum (in particular, see equation (11) 
of Pearle (1997)). The important issue, of course, is whether the counting 
anomaly arises under the mass density interpretation (setting aside, for the 
next section, the issue of whether the anomaly can be made manifest). We 
shall argue that either the counting anomaly arises, or some other (equally 
surprising) anomaly will arise. 

We start by reviewing a nice example that Ghirardi, Grassi, and Benatti 
([1995]) use to first introduce the mass density interpretation. Consider two 
disjoint spherical regions of space A and B, each large enough to contain 
a macroscopic number N of particles, each of mass m. Let \4>j^) denote 
a state where the N particles are each 'well-localized with respect to the 
characteristic length (10~ 5 cm) of the model and uniformly distributed' in 
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region A ([1995], p. 16), and consider two possible states of the iV-particle 
system: 

= 1/V2(\^} + , |^> = |^ /2 >®|^ /2 >. (3) 

For simplicity, Ghirardi et al divide space up into cells with dimensions given 
by the characteristic length. They then consider the expectation of the mass 
operator Mj for a cell i, 

Mi = WM^). (4) 

It is easy to see that both and j^®) give rise to the same mass density 
function for a cell % in region A: 

Mj = (^ + |M^+) » 1/2(^|M,|0^) » nm/2, (5) 

Mf = (r\Mi\r) ~ (^ /2 i^i^/2) « ws, (6) 

where n is the number of particles per cell. However, Ghirardi et al argue 
that only one of these masses is objective. They consider what happens if one 
sends a test mass between regions A and B. If the system were in state lip' 8 '), 
gravitational forces would balance and the particle would be undeflected. 
On the other hand, if the system were in state the test particle would 

become involved in the superposition, where in one branch it is deflected 
toward A and in the other toward B. Ghirardi et al write: 

Nowhere in the universe is there a density corresponding to the 
density of the test particle. In a sense, if one would insist in giving 
a meaning to the density function, he would be led to conclude 
that the particle has been split by the interaction into two pieces 
of half its density. This analysis shows that great attention should 
be paid in attributing an 'objective' status to the function M(r) 
([1995], p. 17; see also Ghirardi and Grassi [1996], p. 365). 

Ghirardi et al are then led to propose that the mass in a cell % is 'objective' 
just in case TZi = Vi/Mf « 1, where the variance of Mj is defined in the 
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usual way by 

V i =^\[M i -(^\M i \^)f\il>). (7) 

Only in state \ip®) is IZi « 1 for a cell in A] for the state one has 

Ki w 1. 

Note that 7£j << 1 implies that any mass measurement in cell % is almost 
certain to yield mn/2 as its answer. In fact, this is what BG ([1999]) take 
to be the main motivation for the proposed objective mass density criterion; 
for, in their own introduction to the criterion, they reproduce the following 
passage from Ghirardi ([1997]): 

A property corresponding to a value (or range of values) of a 
certain variable in a given theory is objectively possessed or ac- 
cessible when, according to the predictions of that theory, exper- 
iments (or physical processes) yielding reliable information about 
the variable would, if performed (or taking place), give an out- 
come corresponding to the claimed value. Thus the crucial feature 
characterizing accessibility (as far as statements of individual sys- 
tems is concerned) is the matching of the claims and the outcomes 
of physical processes testing the claims (Ghirardi [1997], p. 227). 

Surely if these remarks serve to motivate the mass density criterion, they 

also serve to motivate speaking of a particle (or particles) as being located 

in a region whenever its wavefunction assigns high probability to its being 

detected in that region; that is, they also serve to motivate the fuzzy link. 

Unfortunately, BG never say why the fuzzy link is 'inappropriate' and not a 

'valid' way to understand reduction theories ([1999], p. 11)Q 

^^One might surmise that the fuzzy link, which is formulated in terms of configuration, 
is unacceptable to BG because there is no well-behaved relativistic configuration operator 
(e.g., see Malament [1996]). However, it does not matter whether one conducts discussion 
of the counting anomaly within a nonrelativistic or relativistic setting. If one wants to 
insist on the latter, then it is trivial to reformulate the fuzzy-link in terms of observables 
that are relativistically acceptable (local charge, energy, etc.). 
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It is also unclear, when BG invoke the 'physically more expressive term' 
accessible ([1999], p. 7), just how seriously we are to take talk of mass density 
as 'objective' when the condition TZi « 1 obtains. Elsewhere, Ghirardi and 
Grassi ([1996], p. 376) have written, with regard to the term 'objective', that 
'both usual meanings of that term (i.e. "real" or "opposite to subjective") 
do not fit with the sense which emerges for it from our work'. Our response 
to BG's criticism of the counting anomaly based on mass density will not 
in any way depend on how these terms are to be understood. However, 
it is worth reminding the reader of the tentative position that we arrived 
at in our ([1999]): that the fundamental ontology of dynamical reduction 
theories consists only of wavefunctions and their evolution, and that a fuzzy 
link or mass density semantics, though essential for connecting the theory to 
our everyday experience and conception of the world, need not be seen as 
essential for making ontological sense of such theories. 

We return, now, to the counting anomaly. In order for mass density to 
be relevant to the issue of how many particles are in the box, we need a way 
to connect mass density talk to position talk. Ghirardi et al already mention 
the obvious way of doing this: 'The reality of a massive macro-object in 
front of us corresponds to the fact that in the region it occupies there is the 
objective mass density which characterizes it' ([1995], p. 33). And this is 
BG's understanding of things, when they assert: 

. . . the mass is objective precisely in the regions where the various 
marbles are. . . The marbles can therefore be claimed to be all 
within the box, and the total mass within the box is actually the 
one corresponding to all of them being in the box ([1999], p. 9). 

It is the second sentence with which we disagree. Consider, first, a single 
marble in state a|in) + 6|out), where \a\ ^> If the marble's total mass, 
i.e., mass density function integrated over all space, is m, then the total 
accessible mass in the box will only be |a| 2 m, and this can of course change 
with time. If one thought that an essential property of a marble is that 
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its objective (rest) mass is constant, one might resist locating the marble 
entirely in the box. We are not inclined to resist that ourselves, since the 
task, as we see it, is to supply a servicable mapping between the theory and 
our language about marbles. However, the plot thickens when one considers 
an n-marble system in state iV^all- ^ n ^ na ^ case > Lewis ([1997], appendix A) 
provided a detailed analysis, after which he arrived at the same conclusion 
as BG (!): 

There are n regions of objective mass \a\ 2 m in the box, one cor- 
responding to each marble, and no regions outside the box; con- 
sequently the mass distribution is such that all n marbles are in 
the box (1997, p. 327). 

Unfortunately, we fail to see how Lewis's conclusion here follows. Since the 
total mass in the box is (|a| 2 m) x n, n can be chosen sufficiently large so 
that total does not exceed, for example, m{n — 1000). Since one could well 
believe that it is inappropriate to assert that all n marbles are in the box 
unless roughly mn mass is objective therein, conjunction introduction need 
not be satisfied. And it is little help to respond that, for n sufficiently large, 
the number m(n — 1000) is roughly the same as mn. For one could still 
be puzzled as to why it would not then be equally legitimate to assert that 
n — 1000 marbles are in the box as well. 

It should be emphasized that even though Lewis claimed not to find any 
failure of conjunction introduction under the mass density interpretation, 
he maintained that it was unacceptable to assert that all marbles are in 
the box, on the grounds that there is still a vanishing probability in state 
l^)all °f finding them all there (1997, p. 320). Though BG are dismissive 
of Lewis on this point ([1999], note 2), we entirely agree with him (and gave 
supporting arguments for his position in our [1999], pp. 21-2). Note also 
that if one wants to maintain that all the mass of the marbles is objectively 
in the box, together with the fact that the probability of finding them all 
there is vanishingly small, then one is committed to a radical breach between 
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mass and location talk. Thus we can pose BG a trilemma for the mass 
density interpretation: either conjunction introduction fails, mass talk must 
be divorced from position talk, or the intuitive connection between either of 
these kinds of talk and a system's dispositions (cf. 'accessibility') must be 
severed. 

3 Suppressing the Counting Anomaly 

In our ([1999]), we defended the fuzzy link in the face of Lewis's counting 
anomaly by showing that a violation of conjunction introduction could never 
be made manifest. Notwithstanding BG's critique, we stand by our argu- 
ments. Indeed, we believe that they apply equal well in defence of the mass 
density criterion! 

Our escape from the counting anomaly was based on Lewis's failure to 
explicitly model, or 'operationalize', the counting process itself within dy- 
namical reduction theories. BG begin their critique by rejecting this line of 
thinking out of hand: 

The unappropriateness of such a point of view has already been 
stressed in section 3. Within GRW's theory no measurement 
process ever occurs, the only physical processes being interactions 
among physical systems governed by universal laws ([1999], p. 
17). 

Thus, it is worth being clear that nothing in our analysis turned on privileging 
(so-called) measurement interactions. 

In that analysis, we considered what would happen when devices Mj, each 
designed to register whether or not marble i is in the box, are coupled to the 
marbles in state |V')all' an< ^ wnen a system M, designed to register the total 
number of particles in the box, is coupled to the total n-marble system. Just 
after interaction with all the registers, the state would be (using an obvious 
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notation): 

l^)count = a"|0) out() |'O = n') M + a n " 1 &l0)ont 1 l'O = n-l')M (8) 
+ --- + n0>outJ'O = O') M , 

where 

I0)out o = |m)i| < in') Ml |in) 2 | < in') M 2---| in >nrinV n 
I0)outi = |out)i|'out') Ml |m) 1 |'in') M2 • • • |in) n |'in') M „ 
+ |in) 1 |'in') Ml |out)i|'out') M2 • • • |in) n |'in') Mn 

+ |in) 1 |'in') Ml |in) 1 |'in') M2 • • • |out) n |'out') Mn 

l^)out„ = |0Ut)i|'0Ut')M 1 |0Ut) 2 |'0Ut')M 2 • • ' |0Ut) n |'0Ut') Mn , 

We then argued that dynamical reduction will rapidly reduce the entangled 
state |'0)count ^° one ^ n which the individual recordings of the n registers 
always agree with whatever total M records. The argument depends only 
the fact that, unlike |V ; ) a ll' l^)count * s an entangled state involving a macro- 
scopic number of particles. Moreover, one need not assume that M, or any 
of the Mi, are themselves macroscopic (cf. our [1999], notes 6,7). Of course, 
in order for the marble count (s) to be known by the 'gross creatures that we 
are' (to echo a phrase of John Bell's), these devices would have to be coupled 
to macroscopic devices. But the suppression of the counting anomaly will 
have occurred long before information about the marbles ever enters any- 
one's consciousness — it is the purely physical outcome of purely physical 
interactions and correlations. 

Criticizing our discussion of the various possible collapse scenarios that 
could follow interaction with the registers, BG ask rhetorically: 

The marbles are macroscopic systems and their masses may very 
well be comparable or even larger than those of the pointers both 
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of the apparatuses Mj and of M. Why the GRW dynamics has 
to be suspended up to the time in which the pointer of M is 
localized, and subsequently (in the case that O ^ n) up to the 
moment in which all pointers of the Mj's are localized, is really a 
big mystery ([1999], pp. 20-1). 

In our exposition, we were simply dividing the collapse process into different 
stages for ease of exposition, not trying to give a real-time description of 
the dynamics. Certainly we were aware that the marbles themselves will be 
almost continually subject to GRW collapses before, during, and after the 
interaction with the registers, causing marbles to jump in and out of the 
box almost all the time (provided enough marbles are considered). As BG 
say, 'The situation. .. changes every millionth of a second' ([1999], p. 16). 
However, we fail to see why this means we: 

. . . must first of all assume that it is possible to perform the in- 
credible task of testing the positions of all particles and the total 
mass within the box in much less than a millionth of a second 
([1999], p. 16). 

For, as we argued ([1999], pp. 18-9), at every moment prior to the entangling 
interaction with M, there will always be some conjunctive assertion about 
the marbles' locations relative to the box with respect to which conjunction 
introduction fails. The point of introducing M was not so it can provide a 
faithful recording of the total marble count prior to its interaction with the 
marbles, but to demonstrate that the most current marble count will always 
agree with the most current information contained in the Mj registers. 

BG summarize our response to Lewis with the phrase: 'the violation of 
the counting rule is still there, but it cannot be revealed' ([1999], p. 20). 
This is not correct: the marbles' violation of the enumeration principle will 
itself disappear, along with any chance of manifesting such a violation, a split 
second after their interaction with M (i.e., as soon as IV*) count collapses). 
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Maintaining their resistance to this conclusion, BG finish their critique by 
apparently arguing that a failure of conjunction introduction in the marbles 
system could, after all, be made manifest: 

Since M's reading is given by its pointer location ... a consistent 
use of the GRW dynamics implies that it cannot be perfectly 
localized: it will be affected by the 'tails problem' just as all 
macroscopic systems. Thus, if one follows the authors in their 
strange argument, one should conclude that (with a small proba- 
bility) the state can be the one in which n marbles are in the state 
|in), n apparatuses Mj register |'in'), but the pointer of the appa- 
ratus M can be reduced on a state corresponding to its pointing 
at k ([1999], p. 21) 

In our analysis, we ignored the subsequent development of tails in the wave- 
function of M's pointer after its interaction with the marbles, and treated 
that interaction as 'perfect' in the sense that, if the marbles had been in an 
eigenstate of a definite number of particles, j, in the box, M would register 
O = j. Dropping these idealizations would simply mean that M has some 
small probability of registering an incorrect result for the total marble count. 
But that kind of measurement error is strictly irrelevant to manifesting a 
failure of enumeration. Indeed, our point was that even if one assumes that 
the registers operate as perfectly as could be, they will not display any count- 
ing anomaly. As we put it in the paper (in relation to an observer playing 
the role of M): 'the only way to arrange things so that our observer could 
falsify the enumeration principle would be to suppose that she was never a 
competent enumerator to begin with!' ([1999], p. 31). 
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